In this paper the bifurcation of limit cycles at infinity for a class of homogeneous polynomial system of degree four is examined. This requires a problem for bifurcation of limit cycles at infinity be converted from the original system to the class of complex autonomous differential system. The evaluation of the conditions from the origin to be a centre and the highest degree fine focus results from the calculation of singular point values. A quartic system is constructed for which it can bifurcate with only one limit cycle at infinity when the normal parameters are constant.
Introduction
In this work, the bifurcation of limit cycles is being referred to particularly to the bifurcation at infinity. The computation of the focal values is one way to examine it. In the case of bifurcation of limit cycles at the origin, a lot of work has been done, most of them have been reported in [6, 11] . For the case at infinity, the study is concerned with the following system of degree 2n + 1, [6]  on the Poincare closed sphere is a trajectory of the system, having no real singular point, and   is called infinity of the system. Concerning the number of limit cycles bifurcated from infinity (large limit cycles), there are some related results in the literature as follows: cubic system, with four limit cycles in [7] , five limit cycles in [1] , six limit cycles in [8] ; quantic system, with five limit cycles in [10] , six limit cycles in [2] , seven limit cycles in [12] , eight limit cycles in [5] and nine limit cycles in [4] .
In this work, the following real polynomial differential system is considered: In Section 2, some characteristics of system (2) and certain known results are outlined. In Section 3, a recursive method for calculating singular point quantities at infinity is deduced and computed for the first eight singular point quantities at infinity of system (6) . The recursive method is linear and it avoids complex integrating operations, and can be readily done by using a computer algebra system such as Mathematica (version 13). Using the recursive method, the first eight singular point quantities at infinity of (6) are obtained. The conditions at infinity to be a centre are given as well. In Section 4, a new system from the original system (2) is constructed.
Polynomial Differential System and Some Preliminary Results
The system (2) transforms to polar coordinates by using cos , sin , xy   and after multiplying system (2) by cos and sin then adding and subtracting the resulting equations we obtain respectively Number of limit cycles for homogeneous polynomial system
Taking the form
and writing the solution of (4) 
, 8 , According to Theorem 3.2* in [6] , the following lemma is used for further evaluation.
Lemma 2.1:
For the system (6) it can be successively developed in terms of a formal series 
Proof:
The proof is given in [12] .
From the above lemma, 21 (2 ) , is the (6), and ""  is the algebraic equivalence. Now
The focal values of system (2) can be deduced from the singular point quantities of system (6) . It is obvious that the infinity is the centre of system (2) 
The Computation of Singular Point Quantities and Centre Condition at Infinity
From lemma 2.1, a recursive formula can be deduced to calculate singular point quantities of the infinity of system (6).
Theorem 3.1:
In the system (6), for any integer , ( ) mm  is determined by the following formula Proof: According to lemma 2.1, differentiating both sides of (8) with respect to T along the trajectories of system (6), would result in 
[(
[( , then the proof is complete. ■ Applying the recursion formulae (11) and (12), the singular point quantities are computed and simplified at infinity of system (6), and then the following result is generated.
The first eight singular point quantities of infinites of system (6) are given as follows (refer to the Appendix) 
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In the above expression of 
. 0, 2 3 , Proof: By the extended symmetric principle theorem (Theorem 4.3 in [7] ) and the system satisfies all the conditions in theorem 3.2, then it is found that all the singular points of the origin are zero, and if all the singular points of the origin are zero, then this means that the origin is centre. ■ From the first eight singular points, the following theorem is obtained.
Theorem 3.4:
The infinity of system (6) is a sixth fine singular point or infinity of system (2) is a sixth weak focus 
Example for Bifurcation of Limit Cycles at Infinity
Now consider bifurcation of limit cycles at the origin of system (6) . Being a polynomial differential system, the solution of (4) becomes (2 ) (2 ) (2 ) (2 ) 0, 
because the focal value of origin of system (6) will reverse its sign for only one instance, and from Theorem 6.6 in [7] , there exists one limit cycle in a small enough neighbourhood of the origin of system (6). Correspondingly, there exists one limit cycle in a small enough neighbourhood of the infinity of system (2).
■

Conclusion
In the present work, the bifurcation of limit cycles at infinity for a class of homogeneous polynomial system of degree four is examined. The problem for bifurcation of limit cycles from infinity is transformed from the origin into the class of complex autonomous differential system. By calculation of singular point values, the conditions of the origin to be centre and the highest degree fine focus are obtained. Finally the quartic system is constructed, where it can bifurcate one limit cycle from infinity, when the normal parameters are constant values.
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Appendix
The computation of the singular point quantities at infinity of system (6) 
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